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[x(t) + x(t− τ )] + σF (t, x(g(t))) = 0,
is considered under the following conditions: n  2, τ > 0, σ = ±1, F (t, u) is nonnegative
on [t0,∞) × (0,∞) and is nondecreasing in u ∈ (0,∞), and lim g(t) = ∞ as t → ∞. It is





exists and is a positive finite value if and only if(1.2)
∫ ∞
t0
tn−k−1F (t, c[g(t)]k) dt <∞ for some c > 0.
Here, k is an integer with 0  k  n−1. To prove the existence of a solution x(t) satisfying
(1.2), the Schauder-Tychonoff fixed point theorem is used.
1. Introduction




[x(t) + x(t − τ)] + σF (t, x(g(t))) = 0,
where the following conditions are assumed: n  2; τ > 0 is a positive constant; σ =
+1 or σ = −1; F : [t0,∞)×(0,∞)→   is continuous, F (t, u)  0 on [t0,∞)×(0,∞)
and F (t, u) is nondecreasing in u ∈ (0,∞) for each fixed t ∈ [t0,∞); g : [t0,∞)→  
is continuous and lim g(t) = ∞ as t → ∞. These conditions are always assumed
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throughout the paper. By a solution of (1.1) we mean a function x(t) which is
continuous and satisfies (1.1) on [tx,∞) for some tx  t0. This implies that if x(t)
is a solution of (1.1), then x(t) + x(t − τ) is n-times continuously differentiable on
[tx,∞), whereas x(t) is not required to be n-times continuously differentiable. Our






exists and is a positive finite value.
Here, k is an integer with 0  k  n− 1.




[x(t) + λx(t − τ)] + σF (t, x(g(t))) = 0,
where n, τ , σ, F and g are as above, and λ is a real number. If λ = +1, then (1.3)
becomes (1.1). As is easily seen, αtk (α ∈  , α = 0, k ∈ , 0  k  n − 1) is a
nontrivial solution of the unperturbed equation ( dn/ dtn)[x(t) + λx(t− τ)] = 0, and
so it is natural to expect that, if F is small enough in some sense, equation (1.3) has
a solution x(t) satisfying (1.2). For the case |λ| < 1, the smallness condition on F is




tn−k−1F (t, c[g(t)]k) dt <∞ for some c > 0.
In fact, it is known ([5, 6, 14, 15]) that equation (1.3) with |λ| < 1 has a solution x(t)
satisfying (1.2) if and only if (1.4) holds. This result is regarded as an extension of
the well-known result for the non-neutral case (i.e., the case λ = 0). However, it has
been recently observed that there is a slight difference between the case λ = −1 and
the case |λ| < 1. For the details, see the papers of Kitamura and Kusano [9], and
Y. Naito [16]. In this paper, to complete the theory from the mathematical point of
view, we discuss the case λ = +1. It is shown that, for the case λ = +1, the same
result as the case |λ| < 1 holds. More precisely, we have the following theorem.
Theorem. Let k be an integer with 0  k  n − 1. Then equation (1.1) has a
solution x(t) satisfying (1.2) if and only if (1.4) holds.
The proof of “only if” part of Theorem is given in Section 2. The proof of “if”
part of Theorem is divided into the two cases k = 0 and k = 0. The cases k = 0 and
k = 0 are considered in Sections 2 and 3, respectively. In both cases, we make use
of the Schauder-Tychonoff fixed point theorem to prove the existence of a solution
x(t) satisfying (1.2).
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Recently there have been several papers concerning the oscillatory and asymptotic
properties of solutions of neutral differential equations. See, for instance, the papers
[1–17]. However, little is known for the neutral differential equations of the form (1.1).
2. Proof of Theorem
In this section we prove the “only if” part and the “if” part for the case k = 0.
The proof of the “if” part for the case k = 0 is given in Section 3.
Proof of “only if” part. Let k ∈ {0, 1, . . . , n − 1} and suppose that x(t) is an
eventually positive solution of (1.1) which satisfies the asymptotic condition (1.2).
Put  = lim
t→∞
x(t)/tk. We have 0 <  < ∞. Define the function y(t) by y(t) =
x(t) + x(t − τ). It follows from (1.1) that
(2.1) y(n)(t) = −σF (t, x(g(t)))
for all large t, and so y(n)(t) is eventually of constant sign. Then we see that
y(i)(t), i = 0, 1, . . . , n−1, are eventually monotonic and that the limits lim
t→∞
y(i)(t), i =
0, 1, . . . , n − 1, exist in the extended real line  . Since lim
t→∞
y(t)/tk = 2 ∈ (0,∞),
we find that lim
t→∞
y(i)(t) = 0 for i = k + 1, . . . , n − 1, lim
t→∞
y(k)(t) = 2k! and
lim
t→∞





(n− i− 1)! F (s, x(g(s))) ds, i = k + 1, . . . , n− 1,























(n− k − 1)! F (r, x(g(r))) dr ds,
i = 0, 1, . . . , k − 1,
for t  T , where T ( t0) is taken sufficiently large. As an immediate consequence
we have ∫ ∞
T
(s− T )n−k−1
(n− k − 1)! F (s, x(g(s))) ds <∞.
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Then, in view of lim
t→∞
x(g(t))/[g(t)]k =  ∈ (0,∞), we conclude that (1.4) holds.
In the proof of “if” part of Theorem for the case k = 0, the following Φ[ϕ] plays
an important role. Let τ > 0 and t1  t2. Then, for each ϕ ∈ C[t1,∞) with





0, t1  t  t2,
m∑
j=0
(−1)jϕ(t− jτ), t2 +mτ < t  t2 + (m+ 1)τ (m = 0, 1, . . .).
It is easily seen that Φ[ϕ] ∈ C[t1,∞) and
(2.3) Φ[ϕ](t) + Φ[ϕ](t − τ) = ϕ(t), t  t2 + τ.
Proof of “if” part (k = 0). Let k ∈ {1, 2, . . . , n − 1} and suppose that (1.4) is
satisfied. We can take a number t2( t0) such that





sn−k−1F (s, c[g(s)]k) ds  k!(n− k − 1)!
2
c.
Put t1 = inf{min{t, g(t)} : t  t2}. Then it is clear that 0  t1  t2 and g(t)  t1
for t  t2.
We regard the set C[t1,∞) as a Fréchet space equipped with the topology of
uniform convergence on every compact subinterval of [t1,∞), and consider the subset
X of C[t1,∞) defined by
X = {x ∈ C[t1,∞) : 12ctk  x(t)  ctk, t  t1}.












(n− k − 1)! F (r, x(g(r))) dr ds, t  t2,
0, t1  t  t2.
Notice that I[x] is well defined and belongs to C[t1,∞).




2c if (−1)n−k−1σ = +1,
c if (−1)n−k−1σ = −1,
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and define the mapping M : X → C[t1,∞) by
(2.7) (Mx)(t) = k(c)tk + (−1)n−k−1σΦ[I[x]](t), t  t1.
We will show that the Schauder-Tychonoff theorem ensures the existence of a fixed
element x = Mx ∈ X , and that this x is a solution of (1.1) satisfying the desired
asymptotic condition (1.2). To see that the Schauder-Tychonoff fixed point theorem
can be applied to the mapping M , it is enough to verify that (a) M maps X into X ;
(b) M is continuous on X ; and (c) M(X) is relatively compact.
(a) M maps X into X . Let x ∈ X . We first claim that
(2.8) 0  Φ[I[x]](t)  I[x](t)
for t  t1. If t ∈ [t1, t2], then (2.8) is clear. Let t ∈ (t2,∞). There is an m ∈ ,





If m is even, we can rewrite Φ[I[x]](t) as
(2.9) Φ[I[x]](t) = I[x](t) −
m/2∑
j=1





{I[x](t− (2j − 2)τ)− I[x](t− (2j − 1)τ)}+ I[x](t −mτ).




{I[x](t− 2jτ)− I[x](t − (2j + 1)τ)}
and





Note here that I[x](t) is nonnegative and nondecreasing on [t1,∞). Then we see that
(2.10) and (2.11) imply Φ[I[x]](t)  0, and that (2.9) and (2.12) imply Φ[I[x]](t) 
I[x](t). Thus (2.8) is satisfied for t  t1.
From (2.5) and (2.6) it follows that
I[x](t)  t
k
k!(n− k − 1)!
∫ ∞
t2
rn−k−1F (r, c[g(r)]k) dr
 c
2
tk, t  t1.
This inequality combined with (2.8) yields 0  Φ[I[x]](t)  (c/2)tk for t  t1. Then




tk  (Mx)(t)  ctk, t  t1.
This proves that M maps X into X .
(b) M is continuous on X . Let x, xi ∈ X(i = 1, 2, . . .) and xi → x as i → ∞
in the space C[t1,∞). This means that xi(t) → x(t) as i → ∞ uniformly on any
compact subinterval of [t1,∞). Since (Mxi)(t) = (Mx)(t) = k(c)tk(i = 1, 2, . . .) on
[t1, t2], it is trivial that (Mxi)(t) → (Mx)(t)(i → ∞) uniformly on [t1, t2]. Let us
consider the convergence {(Mxi)(t)} on the interval [t2+mτ, t2+(m+1)τ ], m ∈ ,
m  0. As a routine computation, we can show that I[xi](t) → I[x](t) as i → ∞
uniformly on every compact subinterval of [t1,∞). Then we see that









as i → ∞ uniformly on [t2 + mτ, t2 + (m + 1)τ ]. Consequently we conclude that
(Mxi)(t) → (Mx)(t) as i → ∞ uniformly on [t2 + mτ, t2 + (m + 1)τ ]. Thus,
(Mxi)(t) → (Mx)(t) as i → ∞ uniformly on any compact subinterval of [t1,∞),
and hence Mxi →Mx as i→∞ in C[t1,∞).
(c) M(X) is relatively compact. By the Arzela-Ascoli theorem, it is sufficient to
prove thatM(X) is uniformly bounded and equicontinuous at every point t ∈ [t1,∞).
The uniform boundedness of M(X) is clear since (c/2)tk  (Mx)(t)  ctk (t  t1)
for any x ∈ X . To prove the equicontinuity of M(X) on every compact subinterval
of [t2,∞), we first consider the case k > 1. In this case, (d/dt)I[x](t) is nonnegative
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and nondecreasing on [t2,∞). Note that (d/dt)Φ[I[x]] = Φ[(d/dt)I[x]]. Then, as in
the proof of (2.8), we can verify that




I[x](t), t  t2.




I[x](b) · |T2 − T1|











(n− k − 1)! F (r, c[g(r)]
k) dr ds
for any x ∈ X and that the right-hand side of the above inequality is independent of
x ∈ X . Then we find that M(X) is equicontinuous on [a, b] ⊂ [t2,∞).
Next consider the case k = 1. In this case, (d/dt)I[x](t) is nonnegative and










by using the expressions which are analogous to (2.9) – (2.12). Then we see that if




















It is to be noted that (2.14) is valid for t ∈ (t2 +mτ, t2 + (m+ 1)τ), m = 0, 1, 2, . . .,
and, in general, (d/dt)Φ[I[x]](t) does not exist at t = t2 +mτ , m = 0, 1, 2, . . .. Let
[a, b] be any compact subinterval of [t2,∞), and suppose that T1, T2 ∈ [a, b], T1 < T2.
There are m1,m2 ∈ , 0  m1  m2, such that T1 ∈ [t2 +m1τ, t2 + (m1 + 1)τ) and
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T2 ∈ [t2 +m2τ, t2 + (m2 + 1)τ). Then, using (2.14), we have




|Φ[I[x]](t2 + (i+ 1)τ)− Φ[I[x]](t2 + iτ)|






















(n− 2)! F (r, cg(r)) dr
for any x ∈ X and that the right-hand side of the above does not depend on x ∈ X .
Then we see that M(X) is equicontinuous on [a, b] ⊂ [t2,∞). In both of the cases
k > 1 and k = 1, the equicontinuity of M(X) on [t1, t2] is obvious. Thus we can
conclude that M(X) is equicontinuous on every compact subinterval of [t1,∞).
From the above observation we can apply the Schauder-Tychonoff fixed point
theorem to the mapping M : X → X . Let x ∈ X be a fixed point of M . We have
(2.15) x(t) = k(c)tk + (−1)n−k−1σΦ[I[x]](t), t  t1.
Then, using (2.3), we obtain
x(t) + x(t− τ) = k(c)(tk + (t− τ)k) + (−1)n−k−1σI[x](t), t  t2 + τ,
from which it follows that x(t) is a solution of (1.1). It is easy to see that I[x](t)/tk






This completes the proof of Theorem for the case k = 0.
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3. Proof of Theorem (continued)
In this section we give the proof of “if” part of Theorem for the case k = 0.
Let ψ ∈ C[t1,∞) be nonincreasing on [t1,∞) and limψ(t) = 0 as t → ∞. Then




(−1)jψ(t+ jτ), t  t1 − τ.
For each t ∈ [t1 − τ,∞), the sequence of real numbers {ψ(t + jτ)}∞j=1 is a nonin-
creasing sequence. Furthermore, the sequence of continuous functions {ψ(·+ jτ)}∞j=1
converges to 0 uniformly on the interval [t1 − τ,∞) since
sup{|ψ(t+ jτ)| : t  t1 − τ} = ψ(t1 − τ + jτ)
→ 0 as j →∞.
Therefore, by Dirichlet’s test, we see that
∞∑
j=1
(−1)jψ(t+ jτ) converges uniformly on
[t1 − τ,∞), and in particular, Ψ[ψ] is well defined and is a continuous function on
[t1 − τ,∞). It is easy to see that
(3.2) Ψ[ψ](t) + Ψ[ψ](t− τ) = −ψ(t), t  t1.
In the proof of “if” part of Theorem with k = 0, Ψ[ψ] plays a crucial role.




tn−1F (t, c) dt <∞ for some c > 0.
We choose a number t2( t0) satisfying













Put t1 = inf{min{t, g(t)} : t  t2}. We have 0  t1  t2 and g(t)  t1 for t  t2.
Define the subset X of the Fréchet space C[t1,∞) as follows:
X =
{
x ∈ C[t1,∞) :
c
2
















(n− 1)! F (s, x(g(s))) ds




(n− 2)! F (s, x(g(s))) ds, t1  t  t2.
It is easily seen that, for each x ∈ X , I[x] has the following properties: I[x] ∈
C1[t1,∞), I[x](t)  0 and (d/dt)I[x](t)  0(t  t1), and lim
t→∞
I[x](t) = 0. Notice
here that if x ∈ X , then Ψ[I[x]](t) is well defined for t  t1. Thus we can consider




c+ (−1)n−1σΨ[I[x]](t1)− (−1)n−1σΨ[I[x]](t), t  t1.
Making use of the Schauder-Tychonoff theorem, we will show that the mapping
M has a fixed point x ∈ X .
(a) M maps X into X . Let x ∈ X . We claim that
(3.7) −I[x](t+ τ) 
m∑
j=1
(−1)jI[x](t+ jτ)  0




(−1)jI[x](t + jτ) = −
m/2∑
j=1








{I[x](t+ (2j − 2)τ)− I[x](t+ (2j − 1)τ)} + I[x](t+mτ).
















{I[x](t+ 2jτ)− I[x](t+ (2j + 1)τ)}.
Then, by virtue of the nonnegativity and the nonincreasing property of I[x], we easily
see that (3.8) and (3.10) yield the right-hand side inequality of (3.7), and that (3.9)
and (3.11) yield the left-hand side inequality of (3.7).
Letting m→∞ in (3.7), we obtain
(3.12) −I[x](t+ τ)  Ψ[I[x]](t)  0, t  t1.
Since (3.5) implies








(n− 2)!F (s, c) ds 
c
4
for t  t1, it follows from (3.12) that
− c
4
 Ψ[I[x]](t)  0, t  t1.
Then we easily see that
c
2
 (Mx)(t)  c, t  t1,
which implies M(X) ⊂ X .
(b) M is continuous on X . Before proving the continuity of M , we show that, for










I[x](t+ jτ), t  t1.




on any compact subinterval [a, b] of [t1,∞). Let [a, b] ⊂ [t1,∞). There is a j0 ∈ 












(n− 2)!F (s, c) ds.
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(n− 2)!F (s, c) ds
)
du <∞






(n− 2)!F (s, c) ds < +∞.
Then the Weierstrass M -test ensures the uniform (and absolute) convergence of
∞∑
j=j0
(−1)j(d/dt)I[x](t + jτ) on [a, b]. Thus we have (3.13).
Now, to prove the continuity of M , suppose that x, xi ∈ X (i = 1, 2, . . .) and that
lim
i→∞









{I[xi](t+ jτ)− I[x](t+ jτ)}
for t  t1. Let [a, b] be an arbitrary compact subinterval of [t1,∞). Choose a positive












(n− 2)! |F (s, xi(g(s))) − F (s, x(g(s)))| ds→ 0 as i→∞.
Moreover, for [a, b] and j  j0,
∣∣∣ d
dt











(n− 2)! |F (s, xi(g(s)))− F (s, x(g(s)))| ds,
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(n− 2)! |F (s, xi(g(s))) − F (s, x(g(s)))| ds→ 0 as i→∞.
From these observation we find that {(d/dt)Ψ[I[xi]](t)} converges to (d/dt)Ψ[I[x]](t)
as i → ∞ uniformly on [a, b], and, therefore, {(d/dt)(Mxi)(t)} converges to
(d/dt)(Mx)(t) as i→∞ uniformly on any compact subinterval of [t1,∞). Then, in
view of (Mxi)(t1) = 34c (i = 1, 2, . . .), we see that limi→∞
(Mxi)(t) = (Mx)(t) uniformly
on any compact subinterval of [t1,∞).















(n− 2)!F (s, c) ds
for t ∈ [a, b], where j0 ∈  and a + j0τ  t2. This implies that M(X) is equicon-
tinuous on [a, b]. The uniform boundedness of M(X) on [a, b] is evident since
c/2  (Mx)(t)  c for t  t1. Hence, by the Arzela-Ascoli theorem, we find that
M(X) is relatively compact.
All the conditions for the Schauder-Tychonoff fixed point theorem are satisfied,
and so there is an x ∈ X such that x = Mx, i.e., x(t) = (Mx)(t) for t  t1. Then,
in view of (3.12), we see that lim
t→∞
Ψ[I[x]](t) = 0, and consequently, we find that
limx(t) = lim(Mx)(t) = (3/4)c+(−1)n−1σΨ[I[x]](t1) as t→∞. Since c/2  x(t) 
c for t  t1, we have c/2  lim
t→∞
x(t)  c. Applying the formula (3.2), we see that




[1] Q. Chuanxi and G. Ladas: Oscillations of higher order neutral differential equations
with variable coefficients. Math. Nachr. 150 (1991), 15–24.
[2] J. R. Graef, P. W. Spikes and M. K. Grammatikopoulos: Asymptotic behavior of
nonoscillatory solutions of neutral delay differential equations of arbitrary order. Non-
linear Anal. 21 (1993), 23–42.
[3] M. K. Grammatikopoulos, G. Ladas and A. Meimaridou: Oscillation and asymptotic
behavior of higher order neutral equations with variable coefficients. Chinese Ann. Math.
Ser. B, 9 (1988), 322–338.
[4] J. Jaroš, Y. Kitamura and T. Kusano: On a class of functional differential equations of
neutral type, in “Recent Trends in Differential Equations”. (R. P. Agarwal, Ed.), World
Scientific, 1992, pp. 317–333.
[5] J. Jaroš and T. Kusano: Oscillation theory of higher order linear functional differential
equations of neutral type. Hiroshima Math. J. 18 (1988), 509–531.
[6] J. Jaroš and T. Kusano: Asymptotic behavior of nonoscillatory solutions of nonlinear
functional differential equations of neutral type. Funkcial. Ekvac. 32 (1989), 251–263.
[7] J. Jaroš and T. Kusano: On oscillation of linear neutral differential equations of higher
order. Hiroshima Math. J. 20 (1990), 407–419.
[8] J. Jaroš and T. Kusano: Existence of oscillatory solutions for functional differential
equations of neutral type. Acta Math. Univ. Comenian. 60 (1991), 185–194.
[9] Y. Kitamura and T. Kusano: Existence theorems for a neutral functional differential
equation whose leading part contains a difference operator of higher degree. Hiroshima
Math. J. 25 (1995), 53–82.
[10] Y. Kitamura, T. Kusano and B. S. Lalli: Existence theorems for nonlinear functional
differential equations of neutral type. Proc. Georgian Acad. Sci. Math. 2 (1995), 79–92.
[11] G. Ladas and C. Qian: Linearized oscillations for even-order neutral differential equa-
tions. J. Math. Anal. Appl. 159 (1991), 237–250.
[12] G. Ladas and Y. G. Sficas: Oscillations of higher-order neutral equations. J. Austral.
Math. Soc. Ser. B, 27 (1986), 502–511.
[13] W. Lu: The asymptotic and oscillatory behavior of the solutions of higher order neutral
equations. J. Math. Anal. Appl. 148 (1990), 378–389.
[14] P. Marušiak: On unbounded nonoscillatory solutions of systems of neutral differential
equations. Czechoslovak Math. J. 42 (1992), 117–128.
[15] Y. Naito: Nonoscillatory solutions of neutral differential equations. Hiroshima Math. J.
20 (1990), 231–258.
[16] Y. Naito: Existence and asymptotic behavior of positive solutions of neutral differential
equations. J. Math. Anal. Appl. 188 (1994), 227–244.
[17] A. I. Zahariev and D. D. Bainov: On some oscillation criteria for a class of neutral type
functional differential equations. J. Austral. Math. Soc. Ser. B, 28 (1986), 229–239.
Author’s address: Department of Mathematics, Faculty of Science, Ehime University,
Matsuyama 790, Japan.
432
